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Introduction
During the last 50 years, the Moon has developed a dual role in human
thought. As the Apollo explorations and other relevant missions have
shown, the Moon is a scientifically important body. It preserves a
unique history of planetary formation and early development, and
also serves as a probe that has recorded the space environment and
cosmic radiation for billions of years. Because of its closeness to Earth,
the Moon is also an obvious target for long-term human exploration
beyond Earth. Knowledge of the Moon’s characteristics, especially its
potential usefulness and resources, has become critical for planning
the human future in space.
Although the computation of precision lunar trajectories can only be
done by numerical integration of the equations of motion due to the
great number of external factors that may affect the trajectory, the
present work can easily be applied to gain some insight into the great
complexity of the orbital mechanics of a lunar mission.
xii
Chapter 1
Historical Background
”I raised my eyes aloft, and I beheld
The scattered chapters of the Universe
Gathered and bound into a single book
By the austere and tender hand of God.”
–Dante Alighieri, from The Divine Comedy
Albeit we think mainly of the planets orbiting the Sun or the stars as the
primal issue for the origin of modern exact astronomy, it was actually the Moon
that provided the principal ideas as well as the key tests for our understanding of
the universe. The human perception and explanation of the Earth’s only natural
satellite has been long and varied from ancient cultures who believed that the
Moon was a rotating bowl of fire or mirror that reflected Earth’s lands and seas,
to the modern understanding that uses the acquired knowledge of thousands of
years of constant efforts in many areas.
The calculation of the orbit of the Moon is one of the oldest problems in ce-
lestial mechanics. Its solution has had great historical significance as a test of
Newton’s theory of gravity, with much of the early work on the problem having
been done by Newton himself in his discussion of the two- and three-body prob-
lems in Book I of the Principia. In past centuries, accurate predictions of the
position of the Moon have also been of great practical interest as a navigational
aid for seafaring vessels, prompting the English government and scientific soci-
1
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eties to offer rewards for accurate lunar prediction. The resulting body of work
developed during the eighteenth and nineteenth centuries forms the basis of the
lunar theory still in use today. This chapter shows us how each time in history
has gradually provided the basic concepts that have led us to the present theories
of motion used to design lunar trajectories.
1.1 Ancient times
The Moon has been Earth’s companion since about the birth of the Solar System,
4.3 billion years ago. From the beginning of the human history, Moon has played
a fundamental role to help us understand the principles of how our reality works.
For instance, all the cultures around the world adopted Moon events to rule their
chances of farm, reaping, meals preparation, human fertility, etc.
The convergence of systems is not mere coincidence; the apparent regularity
on Moon’s basic movements and the ease of raw prediction placed the basis of
calendar systems. In fact, although the modern Gregorian calendar is based on
the solar year, the earliest calendars were all based on the lunar cycle.
Figure 1.1: Aurignacian lunar calendar
The oldest known example of this sort of calendar is the Aurignacian Lunar
Calendar, a sketch of this calendar is shown in Figure.1.1 (32,000 B.C.) [22].
2
1.1Ancient times
This Lunar Calendar and Earliest Constellations have been identified in cave
art found in France and Germany. The astronomer-priests of these late upper
paleolithic cultures understood mathematical sets, and the interplay between the
Moon annual cycle, Ecliptic, solstice and seasonal changes on Earth.
Another interesting example of this ancient technology is the Antikythera
mechanism, Figure 1.2. This mechanism is the oldest known complex scientific
calculator. It contains a set of gears and it appears to be constructed upon the-
ories of astronomy and mathematics developed by Greek astronomers. When a
date was entered, probably, via a crank, the mechanism calculated the position
of the Sun and Moon or other astronomical information, such as the locations of
planets. Since the purpose was to position astronomical bodies with respect to
the celestial sphere, in reference to the observers position on the Earth, the device
was based on the geocentric model. Technological artifacts of similar complex-
ity and workmanship did not reappear until the 14th century, when mechanical
astronomical clocks were built in Europe.
Figure 1.2: The Antikythera mechanism
Along all the human history many new inventions and discoveries have helped
3
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us to understand the celestial mechanics, but the beginning of the so-called real
science, applying the scientific method, had to wait till the renaissance when
detailed lunar maps were made with the use of the telescope.
1.2 The Renaissance
The first known practical telescopes were invented in the Netherlands at the
beginning of the 1600’s (the 17th century), using glass lenses. This new invention
allowed Thomas Harriot and Galileo Galilei to draw maps of the Moon. These
early maps hinted that the Moon’s surface was complex, filled with mysterious
light-colored highlands, dark lowlands, and odd circular features.
Galileo improved the construction of a telescope (perspicillum as he named
it), which he used to observe the night sky and the Moon. In his observations
of the Moon, Galileo noticed that the line separating lunar day from night (the
terminator), as in Figure 1.3, was smooth where it crossed the darker regions
of the Moon, but quite irregular where it crossed the brighter areas. From this
observation, he deduced that the darker regions are flat, low-lying areas, while
the brighter regions are rough and covered with mountains [2].
Figure 1.3: Lunar terminator
Based on the distance of sunlit mountaintops from the terminator, he esti-
mated that the lunar mountains were at least 7 km in height. This contradicted
4
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Aristotelean cosmology, which held that since the heavens were more perfect than
the Earth, the heavenly bodies must be perfectly smooth spheres. In Sidereus
Nuncius (Figure 1.4), a short treatise published in New Latin by Galileo Galilei
in March 1610, we can find the results of Galileo’s early observations of the Moon,
the stars, and the moons of Jupiter.
Figure 1.4: Galileo sketches
In 1664, an English scientist, Robert Hooke, was the first to investigate the
nature and origin of the circular features on the Moon. He made detailed ob-
servations and conducted experiments to explain their formation as the result of
impacts or volcanic processes. Giovanni Battista Riccioli, a Jesuit priest and aca-
demic, in 1651 published a naming for features on the Moon that is still largely in
use today. Riccioli called the dark lowland areas seas or mare in Latin and named
them after the mythological qualities that the Moon was thought to possess (for
example, tranquility and fertility). These features are shown in Figure 1.5.
He also named craters after well-known philosophers, religious figures, and
scientists.
5
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Figure 1.5: Riccioli’s lunar maps
6
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1.3 Classical Lunar Theory
The first complete explanation of the irregularities in the motion of the Moon
was given in Philosophi Naturalis Principia Mathematica, often referred to as
simply the Principia, wrote by Sir Isaac Newton, consist of a set of three books
first published on July 5th, 1687. In Book I of the Principia, Figure 1.6, Newton
states:
” For the Moon, though principally attracted by the Earth, and moving round
it, does, together with the Earth, move round the Sun once a year, and is, accord-
ing as she is nearer or farther from the Sun, drawn by him more or less than the
center of the Earth, about which she moves; whence arise several irregularities
in her motion, of all which, the Author in this book, with no less subtility than
industry,has given a full account” [21].
Figure 1.6: Moon’s disturbed movement diagram as shown in Principia
Newton nevertheless regarded the Lunar Theory as very difficult and confided
to Halley in despair that it made his head ache and kept him awake so often that
he would think of it no more. In the 18th century Lunar Theory was developed
7
Chapter 1. Historical Background
analytically by Euler, Clairaut, D’Alembert, Lagrange and Laplace. Much of the
work was motivated by the offer of substantial cash prizes by the English Gov-
ernment and numerous scientific societies to anyone who could produce accurate
lunar tables for the use of navigators in determining their position at sea. A more
exact theory based on new concepts and developed by new mathematical meth-
ods was published by G. W. Hill in 1878 and was finally brought to perfection by
the research of E. W. Brown.
8
Chapter 2
The Earth-Moon System
This chapter describe the Earth-Moon system together with some of the irreg-
ularities of the Moon’s motion that have occupied astronomers since Newton’s
time.
The differences between the Earth and Moon appear clearly in comparisons
of their physical characteristics in Figure 2.1. Despite these differences, there are
strong bonds between the Earth and Moon. For instance, tidal resonance between
Earth and Moon locks the Moon’s rotation with one face (the nearside) always
pointing toward the Earth, the other (the farside) always hidden from Earth.
The lunar far side is therefore totally shielded from the Earth’s electromagnetic
noise and, electromagnetically at least, probably the quietest location in our part
of the Solar System. The Moon has also been moving away from Earth over
time, because the dissipation of tidal energy by bottom friction in the Earth’s
seas (especially in shallow seas) has gradually slowed the Earth’s rotation. To
keep the angular momentum of the Earth-Moon system constant, the Moon has
been moving slowly outward at a rate of a few centimeters per year.
A significant feature of lunar trajectories is not merely the presence of two
centers of attraction, but the relative sizes of the Earth and Moon, Figure 2.1.
The current best estimate of the Earth-Moon mass ratio is 81.300570˘ 0.000005
[25], this ratio is far larger than any other binary system in our Solar System.
Thus the Earth-Moon system is a rather singular event, not merely because we
find our abode on the Earth, but because it comes close to being a double planet
system.
9
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Property Earth C Moon K
Mass 5.976ˆ 1024 kg 7.353ˆ 1022 kg
Radius (Spherical) 6371 km 1738 km
Surface area 510.1ˆ 106 km2 37.9ˆ 106 km2
land “ 149.8ˆ 106 km2
Flattening : 0.0034 0.0005
Mean Density 5.517 g{cm3 3.34 g{cm3
Gravity at Equator 9.81m{s2 1.62m{s2
Escape Velocity at Equator 11.2 km{s 2.38 km{s
Sideral Rotation Time 23.9345 hr 27.322 days
Inclination of Equator/orbit 23.466 0 6.683 0
Mean Surface Temperature 22 0C 107 0C day;´153 0C night
Temperature Extremes ´89 0C to 58 0C ´233 0C to 123 0C
Atmosphere „ 2.5ˆ 1019 molecules{cm3 „ 1ˆ 104 molecules{cm3 day
„ 2ˆ 105 molecules{cm3 night
Moment of Inertia pM´1R´2q 0.3315 0.395
Heat Flow (average) „ 63mW{m2 „ 29mW{m2
Seismic Energy 1017 ´ 1018 J{yr 2ˆ 1010 por 1014 ?qJ{yr;
Magnetic Field 24´ 56 A{m 0 pSmall paleofieldq
: Equatorial/ideal radii
; These estimates account for moonquakes only
Table 2.1: Physical comparison of the Earth and Moon
Figure 2.1: Earth-Moon size comparison
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2.1 Origin of the Moon
The origin of the Moon, like the origin of the Earth, has been cause for speculation
since prehistoric times. Modern speculation began when George Darwin (1879)
hypothesized that the Moon was formed from the Earth by fission of a single
larger body. Other modern hypotheses that the formation started along with
the Earth’s as a sister planet [10], and gravitational capture of a body formed
elsewhere in the Solar System [9].
Many people anticipated that the Apollo program would be more than suffi-
cient to provide the final answer on the origin of the Moon. This probably would
have been the case if the Moon were a primitive undifferentiated, homogeneous
body. The differentiation of the Moon into concentric zones of differing chemical
composition and its active geologic past, however, have obscured its origins. We
have sufficient data on celestial mechanics (gravitational effects) to know that
the dynamical constraints (shape, gravity, moment of inertia) alone are not suf-
ficient to pin down the Moon’s origin; the data available for lunar geophysical
analyses and particularly for lunar geochemistry are insufficient to be conclusive.
However, a new theory has combined the earlier, simpler hypotheses and added
to bring a more consistent one based on recent discoveries. It has been proposed
that a large object, possibly Mars-size, impacted Earth to expel large amounts
of material (fission hypothesis), condense much of that vaporized material in or-
bit (sister planet hypothesis), and incorporate much of the colliding protoplanet
(capture hypothesis). This new combined hypothesis goes a long way toward
reconciling the strong points and solving the dilemmas in dynamics, chemistry,
and geophysics that are coupled with adherence to any of the individual classical
hypotheses.
Many simulations had been made about this theory. The computer-generated
images, Figure 2.2, illustrate the first 24 hours after the protoplanet collides with
the protoearth with a velocity upon contact of 8 km{s [6]. This contact velocity
corresponds to a relative velocity of nearly zero at the initial large separation.
The metallic cores of the projectile and target are shown in red and pink in the
first set of pictures and their dunite [14]. Dunite and other peridotite rocks are
considered the major constituents of the Earth’s mantle above a depth of about
11
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Figure 2.2: Moon’s origin
400 km, and the upper mantle of the Moon, refer to Figure 2.3, the mantles of
the protoplanets are shown in brown and green, respectively. The vapor plume of
mixed projectile and target mantle material is well developed in the second and
third frames. This plume eventually condenses into dust, some of which remains
in orbit to later accrete into a proto-moon with an initial orbital radius of about
10 Earth radii.
The research of lunar rocks brought by Apollo missions still continues , Figure
2.3. In this figure we can see a sample of brecciated dunite clastlunar rocks
collected by Apollo 17 astronauts from the Taurus-Littrow region of the Moon.
Apollo 17 landed on the Moon on December 11th 1972. It was the last Apollo
mission.
To really understand the origin of the Moon we have to go in depth on the
research of the geophysical aspects. From future geophysical surveys, we need to
learn more about the Moon’s heat flow, its mantle thickness and seismic velocity
structure, and whether it has a metallic core. From future geochemical studies, we
need to determine the lunar inventory of heat-producing radioactive elements, the
12
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Figure 2.3: Rocks from the Moon
abundances of refractory and volatile elements, and the abundances of siderophile
elements (those that tend to be miscible with iron). The magnesium-to-iron
ratio must also be known for comparison with the Earth. These seem at first
glance to be simple measurements, but they are measurements that can now
only be obtained from a few of the varied parts of the differentiated Moon. The
reassembly of these parts can be done with confidence only after the history of
lunar differentiation is known, by the determination of volumes and ages of rock
types at the surface, and by the use of geophysics and geochemistry to infer their
sources at depth. Future lunar global data from orbit and from the lunar surface
will be required to create and test a convincing theory of the Moon’s origin.
13
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dKdC
R
CM
ω
aC aK
mK
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Figure 2.4: Earth-Moon barycenter
2.2 Center of mass
The Earth and the Moon travel along curved paths through space, but their
separation distance remains the same on average. The center of gravity of the
Earth-Moon system follows an approximately elliptical orbit about the Sun. Su-
perimposed on this gross translation, the Earth and Moon translate in approx-
imately circular orbits about their common center of gravity. The force that
gives rise to the centripetal acceleration associated with this relative motion is
the mutual gravitational attraction.
Thus, if we let mK represent the total mass of the Moon and mC that of the
Earth and take R as the mean distance between their centers then
mCaC “ GmCmK
R2
(2.1)
mKaK “ GmCmK
R2
(2.2)
where aK and aC are the centripetal accelerations of the centers of the Moon
and Earth respectively, relative to their common center of gravity. If we write
´mCaC `GmCmK
R2
“ 0 (2.3)
´mKaK `GmCmK
R2
“ 0 (2.4)
we might regard these as an expression of balance of forces where we interpret
the first terms as centrifugal forces.
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Let ω represent the angular speed of a straight line joining the centers of
the Earth and Moon and take dC and dK as the distances, respectively, of the
centers of the Earth and Moon from the common center of mass. The centripetal
accelerations are, accordingly
aC “ ω2dC (2.5)
aK “ ω2dK (2.6)
and, from Eqs. (2.1)-(2.6), it is evident therefore that
mCω
2dC “ mKω2dK (2.7)
whence
dC “ mK
mC
dK (2.8)
but
dC ` dK “ R (2.9)
also
dC “ mK
mC `mKR (2.10)
dC “ 4670.72 km (2.11)
which is actually within the Earth itself. The angular velocity of the Earth/Moon
system necessary to maintain the balance of centrifugal and attractive forces is
ω “
c
GmC
R2dK
(2.12)
ω “ 2.67ˆ 10´6 rad{s (2.13)
which sets an orbital period of
T “ 2pi
ω
“ 27.321661 days (2.14)
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mC
CM
CM Path around the Sun
Earth’s rotation around CM
dC
Figure 2.5: Earth’s rotation around system barycenter
As a result of the rotation around this common center of gravity, the longitude
of an object such as the Sun or a nearby planet exhibits fluctuations with a period
of about 27.3 days arising from the fact that we observe it from the Earth and
not from the center of mass of the Earth-Moon system.
This is consistent with the observed sidereal period of the Moon in its orbit
relative to the Earth. The Moon’s average barycentric orbital speed is 1.010 km{s,
while the Earth’s is 0.012 km{s. The total of these speeds gives the geocentric lunar
average orbital speed, 1.022 km{s.
2.3 Reference system
The inclination of the Moon’s orbit to the Ecliptic varies between 40.983 and 50.3;
its mean value is 50.13. The Earth’s equator is inclined to the Ecliptic by 230.45,
and except for the slow precession of the Earth’s axis of rotation with a period
of 26,000 years, the equatorial plane is relatively stationary (Figure 2.6).
The line of nodes, which is the intersection of the Moon’s orbital plane with the
Ecliptic, rotates westward, making one complete revolution in about 18.6 years.
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Figure 2.6: Relative inclinations
The node where the Moon crosses the Ecliptic from south to north is called the
ascending node; the other, where the Moon crosses from north to south, is the
descending node. Only when the Moon is at one of these nodal crossing points
can eclipses occur, for only then can Sun, Earth and Moon be suitably aligned.
The average time for the Moon to go around its orbit from node to (the same)
node is 27.212220 days and is called the draconitic period in reference to the
superstition that a dragon was supposed to swallow the Sun at a total eclipse.
The period of the Moon’s orbit as defined with respect to the celestial sphere
(of the fixed stars, nowadays the International Celestial Reference Frame ICRF)
is known as a sidereal month because it is the time it takes the Moon to return
to a given position among the stars: 27.321661 days as obtained from equation
(3.12). Because of the gravitational effects of the Sun on the Moon, the sidereal
period of revolution varies from one revolution to the next; variation from the
mean value can be of several hours. The synodic month is the time between two
successive alignments of the Moon with the Sun, observed from the Earth; this is
also the time between successive new Moons and is called the lunar month. The
observed average lunar month is 29.530589 days; variation from this value can be
up to 13 hours.
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2.4 Lunar librations
Viewed from above the north pole of the Earth, the Moon travels counterclockwise
in a slightly elliptical path around the Earth. At closest approach (perigee)
the Moon is 356410 km from the Earth and at farthest distance (apogee) it is
406697 km away. Considering an elliptic orbit shape, the mean value of the semi-
major axis is thus 384400 km. From the Earth the apparent diameter of the lunar
disk varies systematically with these changes in distance.
The Moon’s rotation about its axis and orbit around the Earth is shown in
Figure 2.7. The periods of rotation and revolution are virtually identical, with
a fixed lunar nearside that faces the Earth and a farside that faces away. The
relative motions and orientations of the Earth and Moon, however, do allow the
earthbound observer to see slightly more than half of the lunar surface because of
librations in both longitude and latitude. Longitudinal libration, caused by the
slight non-circularity of the Moon’s orbit, is an apparent rocking back-and-forth
motion of the Moon in an East-West direction. Because of this libration, it is
possible to see an additional 70.689 along both eastern and western limbs of the
lunar disc.
Latitudinal libration is caused by the inclination of 60.687 [10] of the Moon’s
axis of rotation to a line perpendicular to the lunar orbital plane (Figure 2.7).
Because of this, it is possible to see an additional 60.687 at the north and south
poles, over two-week intervals. The diurnal libration is a parallax effect caused
by rotation of the Earth. The position of an observer on the Earth’s equator will
move laterally about 13000 km during a 12-hr period. This gives a libration of
10 at the western edge of the Moon upon rising and 10 at the eastern edge when
it sets. Because of these combined librations, we can see about 60% of the lunar
surface from the Earth.
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Figure 2.7: Moon librations
2.5 Orbital Elements
When viewed from the center of the Earth the Moon’s orbit can be described by
six classical orbital elements (Figure 2.8):
• a semi-major axis
• e eccentricity
• i inclination
• Ω longitude of the ascending node
• ω argument of perigee
• α right ascension at epoch
The right ascension at epoch is the angle measured eastward from the Aries
point (P) to the projection of the Moon’s position vector on the equatorial plane.
Due, primarily, to the perturbative effect of the Sun, the orbital elements are
constantly changing with time; High-precision ephemerides with custom selected
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Figure 2.8: Lunar orbital elements
observing parameters are available at HORIZONS SYSTEM at NASA’s web site
[18].
2.6 Perturbations of the Moon motion
The mean eccentricity of the Moon’s orbit is about e “ 0.054900489. Small
periodic changes in the orbital eccentricity occur at intervals of 31.8 days due
to inequality produced by the action of the Sun in the monthly revolution of
the Moon around the Earth. Hipparchus discovered this effect, called evection
(Latin for carrying away) more than 2,000 years ago. Evection causes the Moon’s
ecliptic longitude to vary by approximately ˘1.2740.
The most important factor changing Moon’s orbit is the gravitational inter-
action with Earth’s oceans. In general, tidal interaction is an important factor
in changing the orbit of a close detached binary system such as the Earth-Moon
system. Each body raises tides on the surface of the other. Various dissipation
mechanisms cause there tides to deviate from an instantaneous equipotential
shape, leading with the Earth’s rotation. This results in a misalignment of the
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tides with respect to the line joining the centers of the two bodies, which produces
a torque component in the gravitational attraction on the bodies.
Via this spin-orbit, coupling angular momentum is exchanged between the
orbit and the rotation of each body. At the same time energy is dissipated in
the tides, which diminishes the total energy of orbit and rotation. The rates of
change of a and e can be readily obtained by standard perturbation methods, after
which the change in Ω follows from conservation of total angular momentum. The
resulting time rates of change of some parameters are given in equations (3.19)-
(3.22). For a detailed derivation refer to [11], [27], and [16].
The following power series are shared terms in function of the current Moon’s
eccentricity e, all of them are approximately unity:
f1pe2q “ 1` 31
2
e2 ` 255
8
e4 ` 185
16
e6 ` 25
65
e8 (2.15)
f2pe2q “ 1` 15
2
e2 ` 45
8
e4 ` 5
16
e6 (2.16)
f3pe2q “ 1` 15
4
e2 ` 15
8
e4 ` 5
64
e6 (2.17)
f4pe2q “ 1` 3
2
e2 ` 1
8
e4 (2.18)
f5pe2q “ 1` 3e2 ` 3
8
e4 (2.19)
T is the time component as a function of τ in years, in equation (2.20) , the
other terms are constants of the massive body, the Earth, and equation (2.21) is
the ratio of the rotational and orbital angular momentum.
T “ r
3
C
GmCτ
(2.20)
η “ r2gmC ´mKmK
´rC
a
¯2?
1´ e2Ω
ω
(2.21)
The semi-major axis varies as a function of time (equation (2.22)) slowly
21
Chapter 2. The Earth-Moon System
increasing about 3.8 cm every year (Figure 2.9).
da
dt
“ ´6 k
T
qp1` qq
´rC
a
¯8 a
p1´ e2q15{2
„
f1pe2q ´ p1´ e2q3{2f2pe2qΩ
ω

(2.22)
This constant distancing of the Moon is due to the energy transferred from
the Earth’s rotation through the tidal effect. Another interesting result of this
interaction is that the Earth’s rotation around its axis is slowing down. Atomic
clocks also show that the Earth’s day lengthens by about 15µs every year, slowly
increasing the rate at which UTC is adjusted by leap seconds. Left to run its
course, this tidal drag would continue until the spin of the Earth and the orbital
period of the Moon match. However, the Sun will become a red giant long before
that, engulfing the Earth.
Curent value  3.844
15
Time [years x 10 ]9
5
10-5 0 (Present) 5
SEMI-MAJOR AXIS EVOLUTION
S
em
i-m
aj
or
 A
xi
s 
[k
m
 x
 1
0 
 ]
3.9
3.8
4.2
4.1
4.0
3.7
3.6
3.5
3.4
Figure 2.9: Lunar semi-major axis evolution
An interesting aspect of the numerical solution is that the eccentricity of the
lunar orbit, equation (2.23), is increasing with time. The reason for this is that
the transfer of angular momentum from the Earth to the lunar orbit corresponds
to a transfer of energy; this energy is used partially in increasing the distance,
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and partially in increasing the eccentricity.
de
dt
“ ´27 k
T
qp1` qq
´rC
a
¯8 e
p1´ e2q13{2
„
f3pe2q ´ 11
18
p1´ e2q3{2f4pe2qΩ
ω

(2.23)
The time delay in the amplitude of the tides, changes comparatively a and e
but not Ω, since no angular momentum is transferred.
dΩ
dt
“ 3 k
T
q2
r2g
´rC
a
¯6 ω
p1´ e2q6
„
f2pe2q ´ p1´ e2q3{2f5pe2qΩ
ω

(2.24)
di
dt
“ ´3 k
T
q2
r2g
´rC
a
¯6 ω
Ω
i
„
f2pe2q ´ 1
2
p1´ ηqp1´ e2q3{2f5pe2qΩ
ω

(2.25)
2.7 Lunar ephemerides
The goal of the ephemerides is to represent a function fptq, derived either by
the result of a numerical integration or by an analytical function of the time,
which describes the motion of a body or the temporal evolution of a phenomenon.
Modern lunar theory was first developed by G.W. Hill in 1878, and later expanded
and improved by E.W. Brown in 1896.
The problem of lunar motion addressed by Hill and Brown is a surprisingly
difficult one; while the underlying physical laws are very simple, the motion itself
is quite complex. Many strong perturbations such as those due to the Sun,
the other planets, and Earth’s equatorial bulge affect the basic motion of the
Moon around Earth. These perturbations result in an advancement of the line
of apsides (imaginary line linking the perigee and the apogee) of the lunar orbit,
a regression of the line of nodes, and other periodic perturbations superimposed
on these motions. For high accuracy on lunar ephemerides, it is necessary to
compute hundreds of periodic variations in the motion, although computing only
the most important few terms results in a level of accuracy that is adequate for
most astronomical applications and flight software use. Many different types of
approaches for calculating a lunar position vector are currently used. In the flight
software for the Hubble Space Telescope’s DF-224 flight computer, for example,
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one finds the position of the Moon using a simple two-body model. The standard
two-body calculations are modified somewhat to allow for the motion of the nodes
and apsides of the lunar orbit. A new set of orbital elements is uplinked from the
ground every few days to keep the error in the model to within acceptable limits
on the order of 10. While this model is not highly accurate, it has the virtue of
being very fast, a necessity for the vintage flight computer.
2.7.1 Low precision formulae
An approach commonly used in modern flight computers is based on the low-
precision formulae given in the Astronomical Almanac. This model is based
on earlier work done by the Almanac Offices of the United States and United
Kingdom based on Brown’s lunar theory. In this model, one begins by using
series expansions to calculate the ecliptic longitude λ (equation (2.26)), ecliptic
latitude β (equation (2.27)), and horizontal parallax η (equation (2.28)) of the
Moon, with respect to the mean Ecliptic and Equinox of date.
λ “ 2180.32` 4812670.883T
` 60.29 sinp4771980.85T ` 1340.9q ´ 10.27 sinp´4133350.38T ` 2590.2q
` 00.66 sinp8905340.23T ` 2350.7q ` 0.021 sinp9543970.70T ` 2690.9q
´ 00.19 sinp359990.05T ` 3570.5q ´ 00.11 sinp9664040.050T ` 1860.6q
(2.26)
β “ 50.13 sinp4832020.03T ` 930.3q ` 00.28 sinp9604000.87` 2280.2q
´ 00.28 sinp60030.18T ` 3180.3q ´ 00.17 sinp´4073320.20T ` 2170.6q (2.27)
η “ 00.9508` 00.0518 cosp4771980.85T ` 1340.9q
` 00.0095 cosp´4133350.38T ` 2590.2q
` 00.0078 cosp8905340.23T ` 2350.7q
` 00.0028 cosp9543970.70T ` 2690.9q
(2.28)
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The horizontal parallax η gives the Earth-Moon distance R
R “ rC
sin η
(2.29)
where rC is the mean radius of Earth. Most standard coordinates in use today
refer to J2000 1.5 TT (i.e. to 12h on the Terrestrial Time scale on January 1st,
2000). Before about 1984, coordinate systems dated to 1950 or 1900 were com-
monly used. Having found the lunar ecliptic mean-of-date coordinates, one must
then perform a reduction for precession to epoch J2000. To sufficient precision,
this may be found using the formulae (2.30) and (2.31),
β0 “ β ´ b sinpλ` cq (2.30)
λ0 “ λ´ a` b cospλ` cq tan β0 (2.31)
where the precession constants a, b, and c are given by the equations (2.32)-
(2.34)
a “ 10.396971T ` 00.0003086T 2 (2.32)
b “ 00.013056T ´ 00.0000092T 2 (2.33)
c “ 50.12362´ 10.155358T ´ 00.0001964T 2 (2.34)
and where T is the time in Julian centuries of 36525 days from J2000 (2.35).
T “ JDE ´ 2451545.0
36525
(2.35)
and JDE is the ephemeris Julian day obtainable, from a Gregorian calendar
date, by the use of the formulae (2.36)-(2.39) [23]
a “ 14´Month
12
(2.36)
25
Chapter 2. The Earth-Moon System
y “ Y ear ` 4800´ a (2.37)
m “Month` 12a´ 3 (2.38)
JDE “ Day ` 153m` 2
5
` 365y ` y
4
´ y
100
` y
400
´ 32045 (2.39)
When doing the divisions, the fractional parts of the quotients must be dropped.
The ephemeris Julian date (JDE) is the interval of time in days and fractions
of a day since January 1, 4713 BC Greenwich noon on Julian proleptic calendar.
In precise work, the timescale, e.g., Terrestrial Time (TT) or Universal Time
(UT), should be specified.
The remaining step is to rotate the coordinates from the plane of the mean
ecliptic of J2000 to the mean equator of J2000, and to convert from spherical
polar to Cartesian coordinates (2.40)-(2.42).
X “ R cos β0 cosλ0 (2.40)
Y “ Rpcos β0 sinλ0 cos 0 ´ sin β0 sin 0q (2.41)
Z “ Rpcos β0 sinλ0 sin 0 ` sin β0 cos 0q (2.42)
where R is given by equation (2.29) and  by equation (2.43). Acording with
the Astronomical Almanac for 2010 [4], the obliquity is given by equation (2.43)
 “ 230261212.406´ 462.836769T
´ 02.0001831T 2 ` 02.00200340T 3
´ 02.576ˆ 106T 4 ´ 42.34ˆ 10´8T 5
(2.43)
Where T is given by equation (2.35)
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This model has very good precision for on-board flight software use: the RMS
error in the lunar position is about 00.11, with a maximum error of about 00.35.
2.7.2 Direct Cartesian coordinates formulae
Many of the equations involved in computing the position of the Moon using the
method just described, involves what is essentially a coordinate transformation,
from ecliptic mean-of-date coordinates to equatorial J2000 Cartesian coordinates.
The following equations ((2.44)-(2.46)) give the direct Cartesian coordinates over
the time interval A.D. 2000´ 2100 [26].
X “ r383.0 sinp8399.685T ` 5.381q ` 31.5 sinp70.990T ` 6.169q
` 10.6 sinp16728.377T ` 1.453q ` 6.2 sinp1185.622T ` 0.481q
` 3.2 sinp7143.070T ` 5.017q ` 2.3 sinp15613.745T ` 0.85q
` 0.8 sinp8467.263T ` 1.010qs ˆ 103
(2.44)
Y “ r351.0 sinp8399.687T ` 3.811q ` 28.9 sinp70.997T ` 4.596q
` 13.7 sinp8433.466T ` 4.766q ` 9.7 sinp16728.380T ` 6.165q
` 5.7 sinp1185.667T ` 5.164q ` 2.9 sinp7143.058T ` 0.300q
` 2.1 sinp15613.755T ` 5.565qs ˆ 103
(2.45)
Z “ r153.2 sinp8399.672T ` 3.807q ` 31.5 sinp8433.464T ` 1.629q
` 12.5 sinp70.996T ` 4.595q ` 4.2 sinp16728.364T ` 6.162q
` 2.5 sinp1185.645T ` 5.167q ` 3.0 sinp104.881T ` 2.555q
` 1.8 sinp8399.116T ` 6.248qs ˆ 103
(2.46)
where all angles are given in radians for convenience of use in software, T is
the time in Julian centuries from J2000 given by equation (2.35), and X , Y ,
and Z are the Cartesian components of the lunar position vector in kilometers,
referred to the mean equator and equinox of J2000. The terms are arranged in
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order of decreasing contribution to the reduction in the error of the model. One
of the primary advantages of this model is that it allows a lunar ephemeris to be
programmed in flight software using very little code. Calculations for the reduc-
tion for precession, rotation from the Ecliptic to the equator, and transformation
from spherical polar to Cartesian coordinates have essentially been absorbed into
the series coefficients, and so do not need to be performed explicitly. Comparing
this model with the low precision model from A.D January 1st 2000 to A.D. Jan-
uary 1st 2100 with steps of 50 minutes, gives an minimum RMS error of 00.341,
and a maximum RMS error of 10.033. Thus, comparatively this last method is
simpler and close in accuracy.
2.7.3 Chebyshev approximation
In the majority of the cases, the Chebyshev series are now used for obtaining of
the ephemerides. Any function can be approximated on a given interval of time
by a polynomial, the degree and the number of terms of which increase as the in-
terval of time increases. Such an approximation is not optimized and the volume
of data to be published is significant. On the other hand, its use is very simple
since it is enough to substitute time in the polynomials thus built. The Cheby-
shev polynomials have the interesting characteristic of having the error regularly
distributed on the considered interval and being stable during evaluation. More-
over, among the various types of polynomial approximations, the approximation
of Chebyshev is the one with the lower degree and the one on which the error
does not exceed a given value. Another interesting fact is that the last retained
terms offer an estimate of accuracy of the polynomial representation. The ap-
proximation function of the ephemerides will thus represent the true function by
developments in Chebyshev polynomials defined on successive intervals of times.
This method of representation makes it possible to compress the volume of data
and to calculate the positions of the bodies quickly. The Chebyshev ephemerides
appear as a succession of coefficients a0, a1, . . . an for a coordinate given on an in-
terval rt1, t2s. The use of these ephemerides is as follows [12]. The calculation of
the value of the coordinate at the time t of the interval rt1, t2s is done by carrying
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out the change of variable
x “ ´1` 2pt´ t1q
t2 ´ t1 (2.47)
Therefore x belongs to the interval r´1,`1s. The Chebyshev polynomials of
the first kind Tnpxq are given by the relation
Tnpxq “ cospn cos´1 xq (2.48)
One can also calculate them using the relation of recurrence
Tnpxq “ 2xTn´1pxq ´ Tn´2pxq (2.49)
with T0pxq “ 1 and T1pxq “ x. The position is then calculated through the
following sum:
a0T0pxq ` a1T1pxq ` ...` anTnpxq (2.50)
2.7.4 Real lunar data
The most important tool regarding the meassurement of Earth-Moon system
parameters is the Laser Ranging Experiments. The first and still ongoing Lu-
nar Laser Ranging Experiment started with the retroreflectors planted on the
Moon during the Apollo program. The aim was to measure the distance between
the Earth and the Moon using laser ranging. Lasers on Earth are directed at
retroreflectors and the time for the reflected light to return is determined. The
retroreflector basically consist of five corner mirrors or retro-reflector arrays. Cor-
ner mirrors are important scientific instruments because, when struck precisely
by a laser beam, they reflect the beam in a parallel path back to the source of
the laser.
Figure 2.10 shows the retroreflecting arrays left on the Moon, from left to right,
at the Apollo 11, 14 and 15 sites. The French-built array (rightmost picture)
projects out from the front of the Soviet Lunokhod rover.
Increasingly the trend at LLR stations has been toward narrower laser pulses
and greater accuracy as we can notice in Figure 2.11. Today satellite laser ranging
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Figure 2.10: LLR
stations such as RGO (UK) and Graz (Austria) are favoring super-short pulse
kHz lasers. Apache Point Observatory Lunar Laser Ranging Operation (Apollo),
the most advanced LLR station in the world, uses a 3.5-meter telescope and 532
nm Nd:YAG laser (100 ps pulse duration, 115mJ{pulse, 20 Hz) [19].
Figure 2.11: Weighted RMS residuals vs. Time
Some of the most important findings of this long-term experiment are:
• The Moon is spiraling away from Earth at a rate of 3.8 cm per year.
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• The Moon probably has a liquid core of about 20% of the Moon’s radius.
• The universal force of gravity is very stable. The experiments have put an
upper limit on the change in Newton’s gravitational constant G of less than
1 part in 1011 since 1969.
• The likelihood of any Nordtvedt effect has been ruled out to high precision,
strongly supporting the validity of the Strong Equivalence Principle. In
theoretical astrophysics, the Nordtvedt effect refers to the relative motion
between the Earth and the Moon which would be observed if the grav-
itational self-energy of a body contributed to its gravitational mass but
not its inertial mass. If observed, the Nordtvedt effect would violate the
strong equivalence principle, which shows that an object’s movement in a
gravitational field does not depend on its mass or composition.
Another LLR based mission is The Lunar Reconnaissance Orbiter (LRO) [20].
Is the first mission of the Robotic Lunar Exploration Program (RLEP). The LRO
mission objective is to conduct investigations that will be specifically targeted to
prepare for and support future human exploration of the Moon. The scope of the
mission is:
• Characterization of deep space radiation in Lunar orbit
• Geodetic global topography
• High spatial resolution hydrogen mapping
• Temperature mapping in polar shadowed regions
• Imaging of surface in permanently shadowed regions Identification of near-
surface water ice in polar cold traps
• Assessment of features for landing sites
• Characterization of polar region lighting environment
The LRO Laser Ranging (LR) system makes one-way range measurements
via laser pulse time-of-flight from Earth to LRO to determine LRO position at
sub-meter level with respect to Earth and the center of the Moon.
31
Chapter 2. The Earth-Moon System
Figure 2.12: Laser reflected by the LRO
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Earth-Moon Trajectories
This chapter present the general methodology for the design of Earth-Moon trans-
fer orbits. The computation of precision lunar trajectories requires the numerical
integration of the equations of motion starting from tentative values for position
and velocity at injection position, when the spacecraft leaves a low Earth parking
orbit (LEO is generally defined as an orbit below an altitude of 2 000 km) to
enter into ballistic trajectory towards the Moon. Solar perturbations (including
radiation), Earth’s oblateness, and mainly the terminal attraction of the Moon
(sphere of influence) must be taken into account. Because of the complex mo-
tions of the Moon, actually mission planning places heavy reliance on a lunar
ephemeris, which is a tabular listing of the Moon’s position at regular intervals of
chronological time as discussed in the previous chapter. Approximate analytical
methods, which only take the predominant features of the transfer, are required
to simplify the choice of the launch time and injection conditions.
Most of the actual missions, are not coplanar since the launch site imposes an
inherent inclination; although this is the major reason, exist many other causes
that can lead to non-coplanarity.
Non-coplanar paths would require additional corrections during the mission to
get to the Moon, representing additional propellant consumption. The common
approach to deal with this sort of problem is to set the launch conditions resulting
in a close coplanar trajectory.
This means that when the ascending node of the Moon orbit coincides with
the direction of the vernal equinox the inclination of the Moon orbit with respect
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to the equatorial plane is at maximum, and it is equal to 50.145 ` 230.433 “
280.578. When the descending node lies in the direction of the vernal equinox,
this inclination is at minimum, equal to 230.433 ´ 50.145 “ 180.288. Only under
these two conditions, close coplanar trajectories are achievable.
In general, a change of orbital plane is always necessary during a Moon mis-
sion, which strongly depends on the launch epoch and Lunar ephemeris at epoch.
In the first part of this chapter, it is presented the two dimensional approach
for coplanar trajectories. In the second part, it is presented an introduction of
the methodology for three dimensional case.
3.1 Coplanar trajectories
In our Solar System each planet is locked into its orbit around the Sun. By its
particular velocity, the planet’s momentum is balanced by the Sun’s gravitational
pull. The inner planets, where the pull is greatest, travel at grater speed than the
outer planets where the pull is weaker. In general, if a spacecraft is supposed to
leave the Earth or another planet, it must increase or decrease the speed in part
doing it by the orbiting Earth. The velocity imparted by the Earth also puts the
spacecraft into the Ecliptic plane, which is the plane of the Earth’s orbit. It will
take the expenditure of considerable energy to get out of that plane, fortunately
the Moon moves in a plane very close to the Ecliptic.
Unlike the planets, spacecraft can change its orbit and its direction because it
can change its velocity. On a spacecraft to escape the Earth’s gravity in the same
direction as the Earth’s travels around the Sun, its greater momentum around the
Sun overbalances the Sun’s pull throwing the spacecraft outward but the Sun’s
steady pull eventually slows the craft outward flight and here, at least if it can not
boost its speed, it will start to fall inward. On the other hand if the spacecraft
leaves the Earth at the same speed, as before but in opposite direction to the
Earth’s travel it reduces its own velocity around the Sun permitting it to pull it
gradually inward but as it falls it gains speed. This increasing momentum will
throw it outward again unless it can’t reduce its speed.
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3.1.1 Ballistic trajectory
The analysis assumes that the lunar orbit is circular with radius R “ 384400 km,
and neglects the terminal attraction of the Moon.
The orbital energy and the angular momentum along the ballistic trajectory
are calculated with
Etrans “ v
2
pC
2
´ µC
rpC
“ ´ µC
2atrans
(3.1)
htrans “ r0v0 cosφ0 (3.2)
the geometric parameters of the ideal Keplerian transfer orbit to the Moon
can be determined from the formulae
ptrans “ h
2
trans
µC
(3.3)
atrans “ ´ µC
2Etrans
(3.4)
etrans “
c
1´ ptrans
atrans
(3.5)
Solving the polar equation (3.20) of the conic section, one finds the true
anomaly at departure, ν0, and at the intersection with the lunar orbit, ν1, that is
cos ν0 “ ptrans ´ r0
etransr0
(3.6)
cos ν1 “ ptrans ´R
etransR
(3.7)
Let ω be the orbit angular velocity of the Moon along its orbit and γ the
phase angle, i.e. the angle between the position vector of the probe and the
position vector of the Moon with respect to the Earth. Its value at departure and
at arrival, indicated as γ0 and γ1, respectively, satisfy the equation (3.8), where
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γ1 “ 0 for a direct hit (neglecting the final attraction of the Moon).
γ0 “ ν1 ´ ν0 ´ γ1 ´ ωpt1 ´ t0q (3.8)
Under to the assumption of circularity for both the lunar and parking orbits,
actually determines the times of launch opportunities (the launch windows) [5].
The total propulsive cost is evaluated by adding the theoretical velocity re-
quired to attain the parking orbit energy, v0 , and the magnitude of the velocity
increment necessary for leaving the circular LEO
∆~v0 “ ~v0 ´ ~vc0 “ v0 sinφ0iˆ` pv0 cosφ0 ´ vc0qjˆ (3.9)
The results presented in Figure 3.1 suggest to depart with an impulse parallel
to the circular velocity which means φ “ 0 from a parking orbit at the minimum
altitude that would permit a sufficient stay, taking into account the decay due to
the atmospheric drag.
Figure 3.1: Lunar flight time vs. Injection speed and altitude
The minimum injection speed of 10.82 km{s originates a minimum energy trans-
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Figure 3.2: Lunar flight time vs. Injection speed and path angle
fer (Hohmann) that requires the maximum flight time of about ”120” hours (5
days), as in Figure 3.3. The apogee velocity is 0.188 km{s, and the velocity relative
to the Moon has the opposite direction, resulting in an impact on the leading
edge of the spacecraft.
A modest increment of the injection velocity significantly reduces the trip
time. For the manned Apollo missions, the life-support requirements led to a
flight time of about 72 hour, that also avoided the unacceptable nonreturn risk
of hyperbolic trajectories. Further increments of the injection velocity reduce the
flight time and the angle ψff swept by the lunar probe from the injection point to
the lunar intercept. In the limiting case of infinite injection speed, the trajectory
is a straight line with a zero triptime, ν1 ´ ν0 “ pi2 , and impacts in the centre of
the side facing the Earth.
In actual conditions, a control velocity change is needed to alter the curse
of the spacecraft on its voyage to the Moon and steer it on the path that the
spacecraft should follow. Putting a spacecraft exactly in the right path cannot
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be done. Even the most sophisticated launching rocket controls cannot avoid
small inaccuracies on launching or account for uncertainties in the orbits on the
Earth or planets; there is always an error to be corrected. The first correction
would compensate for most of these errors, a small velocity change made early in
the voyage would have a much greater effect than the same change made later.
Figure 3.3: Effect of Injection speed on trajectory shape
3.1.2 Patched-conic approximation with simple
gravitational effect
The patched-conics method represents the basic procedure to design transfer
orbits. This approach is not satisfactory for calculation of the Earth return
trajectories due to the manner in which lunar gravity is handled. Similarly,
pericynthion altitude cannot be accuratelly predicted. Nevertheless, this mehod
is good for outbound ∆v evaluations and gains insight into the problems of lunar
transfer missions. The patched conic method used here is further simplified in
that the sphere of influence of the Moon is ignored until conditions at the lunar
distance are established.
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Once again, we start with the energy equation to determine the velocity in-
crement required to reach the Moon’s orbit from a circular parking orbit. This
Energy is expresed in equation (3.1). If this is a Homann transfer, then we can
use the following equation
∆v “ vpC ´ vc “
d
2µC
rpC
´ µC
atrans
´
c
µC
rpC
(3.10)
This impulse is determined for a Hohmann transfer as 3.13 km{s, and the time
of transfer is just half the period of the transfer ellipse.
ttrans “ pi
d
a3trans
µC
(3.11)
Then ttransfer « 5.0 days. The associated angular momentum of the transfer
is htrans “ rpCvpC “ 7.2ˆ 104 km2{s.
These numbers are based n the assumption that parking orbits have altitudes
of only few hundred kilometers. The Hohmann transfer requires the least im-
pulse, but longest transfer orbit. Shorter times to the Moon are possible by
using transfer orbits with apogees beyond R. This of course, requires extra ∆v.
However, the additional impulse applied at the perigee above and beyond that
for Hohmann transfer is only a small amount. This implies that htrans is not
increased significantly above 7.2 ˆ 104 km2{s for higher energy transfers. Another
way to look at this is to consider the velocity at R. Higher energy transfers lead to
vr ą 0 at R, but vθ at this point is just slightly greater than vaC for the Hohmann
transfer. Since htrans « RvaC, the assumption of constant angular momentum for
all transfers is valid within the approximate method used here. Thus, a constant
value for vθ of 0.019 km{s is assumed at the Moon’s distance.
htrans “ rpCvpC u 7.2ˆ 104 km2{s (3.12)
vθ u 0.0187 km{s (3.13)
Once vr at R is determined, then transfer ellipse parameters may be deter-
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mined from equations
etrans “
dˆ
Rv2θ
µC
´ 1
˙2
`
ˆ
Rvθvr
µC
˙2
(3.14)
atrans “ R
2v2θ
µCp1´ e2transq (3.15)
The true anomaly upon reaching R is
tan θ “ Rvθvr
Rv2θ ´ µC
(3.16)
It is interesting to note that the eccentricity for the Hohmann transfer is
e u 0.97 and any higher transfer would have the a value
etrans u
a
0.933` 0.033v2r (3.17)
The assumption at arrival is that the spacecraft follows an hyperbolic path
as it approaches the Moon considered from arrival conditions as seen from the
Moon’s reference frame.
The geometry typical of hyperbolic trajectories is illustrated in Figure 3.4.
Consider a spacecraft approaching the Moon with a large velocity v8´ at great
distance r u 8. The motion of the Moon and the gravitational effects of other
bodies, as the Sun, are ignored [17].
The parameters are:
• ∆ “ distance between the Moon and the asymptotes
• rpK “ radial distance of the closest approach, pericynthion
• δ “ deflection angle of v8
• θ8 “ true anomaly of the asymptotes
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´asc
v8`
v8´
p
∆
rsc
rpK
δ
θ8
pi´δ
2
ν
Figure 3.4: Hyperbolic approach
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For the arrival hyperbolic path, esc ą 1 and semi-major axis asc is taken
as negative to maintain the energy equation. Thus the energy is positive and
constant.
Esc “ v
2
sc
2
´ µK
rsc
“ v
28
2
“ ´µK
asc
(3.18)
Therefore, the magnitude of v8 is the same for inbound and outbound legs.
|~v`8| “ |~v´8| (3.19)
with respect to the Moon. Parameters θ8, δ, and e may be determined by
using the conic section equation
rsc “ ascp1´ e
2
scq
1` esc cos ν (3.20)
Now, θ8 occurs when r Ñ 8
cos θ8 “ lim
rscÑ8
"
1
esc
„
ascp1´ e2scq
rsc
´ 1
*
“ ´ 1
esc
(3.21)
from Figure 3.4
pi ´ δ
2
“ pi ´ θ8 (3.22)
Thus
θ8 “ pi ` δ
2
(3.23)
cos
ˆ
pi ` δ
2
˙
“ ´ sin δ
2
“ ´ 1
esc
(3.24)
Equating expressions (3.21) and (3.23) yields
sin
δ
2
“ 1
esc
(3.25)
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v`8{K v
´
8{K
v` v´
vK
Moon
K
v`8{K
v´8{K
δ
Figure 3.5: Decrease of inertial orbital energy
From the energy relation the semi-major axis of passage is
asc “ ´µK
v28
(3.26)
by solving equation (3.20) at pericynthion and replacing (3.26)
esc “ 1` rpKv
28
µK
(3.27)
Michielsen devised a graphical display for all lunar transfer information, in-
cluding passage effects, on a single plot. This is given in Figure 3.7. The two
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v´8{K v
`
8{K v´ v`
vK
Moon
K
v`8{K
v´8{K
δ
Figure 3.6: Increase of inertial orbital energy
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vertical lines marking the ponds to a unique value of transfer time. The two ver-
tical lines marking the constant values of vθ at R are calibrated in days to reach
R. Transfers with have vθ “ `0.19 km{s are direct and those with vθ “ ´0.19 km{s
are retrograde. As the spacecraft reaches R, the Earth is turned off and the Moon
turned on. A typical velocity vector diagram for lunar passage is shown in Fig-
ure3.7. If the passage is in the back of the Moon δ is taken counterclockwise and
geocentric energy is increased. If v` is greater than
?
2vK Earth escape occurs.
The whole passage could be ploted on Michielsen’s chart. If v` crosses the Earth
escape circle, then enough energy was added during passage to go into solar orbit.
Note that for a Hohmann transfer energy is always added.
3.1.2.1 Free-return trajectory
The type of transfer resulting in a return to an Earth reentry point has proven
very useful on manned lunar flights. If for some reason spacecraft rockets cannot
be fired upon reaching the Moon or another risk arises, safe return to Earth is
guaranteed. Such transfers are referred to as free-return trajectories. The time to
return to perigee is also obtainable from the Michielsen’s chart. Since the return
leg of such a mission can be thought of as a reverse of the outbound leg to the
Moon, the time to return is the same as the time to transfer to the Moon if v` is
replaced by ´v´.
Early Apollo flights were injected into free-return trajectories as shown in
Figure 3.16. Typically, the spacecraft would be sent on a 3-day outbound leg and
make a front side passage such that it could enter a 3-day return leg if failure
occurred. The vector diagram is shown in Figure 3.7. The required value of δ
is 80.20 which corresponds to rpK “ 2290 km or a minimum altitude of 552 km
above the Moon. Apollo 13 made a mid-course correction to leave its free-return
path before experiencing the failure which aborted lunar landing. The lunar
module engines were used after an explosion in the command and service module
(CSM) to modify their course and permit return to an Earth reentry altitude in
a reasonable time.
The free-return trajectory of Apollo 13 was recently recreated in a computer
simulation [3]. That simulation, in Figure 3.8, shows what would have happened
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Figure 3.7: Michielsen’s chart for lunar transfer, vectors of Apollo missions
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to Apollo 13 if the astronauts failed to get back on the proper course for a safe
return to Earth. This is a very good example of how the orbital mechanics works
regarding the free-return paths.
Figure 3.8: Simulation of Apollo 13 free return path
After flying past Earth (2 in Figure) , the spacecraft would travel back out
into deep space, tracing a vast ellipse that stretches beyond the orbit of the Moon.
On April 27th Apollo 13 reaches its maximum distance from Earth, at 572829 km.
By this time, the astronauts have surely perished. (Their oxygen reserves at the
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time of the accident were enough to keep them alive for eight to 10 days; food and
water were in much shorter supply). On May 6th, the spacecraft makes another
Earth flyby (3), this time passing 2515 km from the planet and heads moonward
once more. Sometime around May 9th, Apollo 13’s path is altered when it passes
within 48279 km of the Moon. On May 13, after reaching the far point of its orbit
again, Apollo 13 heads Earthward one last time (4). This time, the spacecraft
is on a collision course. On May 20th, 1970, some five weeks after the explosion,
the spacecraft plunges into Earth’s atmosphere at a steep angle over the eastern
Atlantic Ocean (5). The steepness of the reentry would have meant that the
spacecraft, carrying the bodies of the astronauts, would have been destroyed by
crushing deceleration forces and searing heat.
Apollo 11 took 3 days on its outbound leg to the Moon and 2.5 days to return.
As they approached pericynthion the CSM engine fired to insert them into lunar
orbit. The altitude of pericynthion was 114 km [24].
If insertion had not occurred, then they would have returned to the Earth.
Using the approximate method using Michielsen’s chart in Figure 3.7, the calcu-
lated deflection would have been δ “ 880, which is 80 higher than the required
in the real mission for free-return. This indicates the accuracy available with
this method. Note that return times can be estimated only when |v`θ | ď 0.19 km{s.
Otherwise the spacecraft does not return without thrusting due to its high orbital
energy.
3.1.3 Patched-conic approximation with sphere of
influence effect
So far, we have neglected the final lunar attraction in a more accurate way. As a
result it is obtained approximate injection conditions that result in a lunar impact
(ballistic trajectory). It is necessary to account for the terminal attraction of the
Moon if we want to predict the lunar arrival conditions more exactly.
This approach is an acceptable approximation for a preliminary analysis and
mainly for evaluating the injection conditions. Solar perturbations and other
minimal planetary perturbations are the main reasons that make the description
of the trajectory after the lunar encounter only qualitative.
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Figure 3.9: Relative position and gravitational force vectors between the three
bodies
For more accuracy on the design, it is necessary to introduce the concept
of sphere of influence which basically takes the transition from geocentric to
selenocentric motion as a gradual process that takes place on a finite arc of the
trajectory and has its boundary where both Earth and Moon affect the spacecraft
dynamics equally.
3.1.3.1 Sphere of influence
In order to estimate the radius of the lunar gravitational sphere of influence,
consider the three-body system comprising the Moon of mass mK, the Earth of
mass mC and a spacecraft of mass msc, as in Figure 3.9. The position vectors of
the Moon and spacecraft relative to an inertial frame centered at the Earth are ~R
and ~Rsc, respectively. The position vector of the spacecraft relative to the Moon
is ~r. The gravitational force exerted on the spacecraft by the Moon is denoted
~F
pscq
K , and that exerted by the Earth is
~F
pscq
C . Likewise, the forces on the Moon
are ~F
pKq
C and
~F
pKq
sc , whereas on the Earth we have ~F
pCq
sc and ~F
pCq
K . According to
Newton’s law of gravitation, these forces are represented by the equations (3.28),
(3.29), and (3.30).
~F
pscq
K “ ´G
mscmK
r3
~r (3.28)
~F
pscq
C “ ´G
mscmC
R3sc
~Rsc (3.29)
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~F pKqsc “ ´GmKmscR3
~R (3.30)
Where
~Rsc “ ~R ` ~r (3.31)
by using law of cosines we can obtain equation (3.32)
Rsc “
?
R2 ` r2 ´ 2Rr cos θ “ R
c
1´ 2 r
R
cos θ ´
´ r
R
¯2
(3.32)
considering within the lunar sphere of influence r{R « 1 the equation (3.32)
can be approximated as
Rsc “ R (3.33)
The equation of motion of the spacecraft relative to the geocentric inertial
frame is
msc
:~Rsc “ ~F pscqC ` ~F pscqK (3.34)
Solving for
:~Rsc and substituting the gravitational forces given by Equations
(3.28) and (3.29), we get
:~Rsc “ 1
msc
ˆ
´GmscmC
R3sc
~Rsc
˙
` 1
msc
´
´GmscmK
r3
~r
¯
(3.35)
We can use the equation
:~Rsc “ ´GmC
R3sc
~Rsclooooomooooon
AC
´GmK
r3
~rlooomooon
AK
(3.36)
where AC is the primary gravitational acceleration of the spacecraft due to
the Earth’s gravitational field and AK is the secondary or perturbing acceleration
due to the Moon’s gravitational field. We can now make use of the approximation
given by equation (3.33). The ratio of the perturbing acceleration to the primary
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acceleration is, therefore
AK
AC
“ mK
mC
ˆ
R
r
˙2
(3.37)
The equation of motion of the Moon relative to the inertial frame is
mK
:~R “ ~F pKqsc ` ~F pKqC (3.38)
Solving for
:~R , noting that ~F pKqsc “ ~F pscqK , and using equations (3.29) and (3.30),
yields
:~R “ 1
mK
´
G
mscmK
r3
~r
¯
` 1
mK
´
´GmCmK
R3
~R
¯
(3.39)
Subtracting equation (3.39) from (3.35) and collecting terms, we obtain
:~Rsc ´ :~R “ ´GmK
r3
~rp1` msc
mK
q ´GmC
R3sc
r~Rsc ´ pRsc
R
q3 ~Rs (3.40)
and using (3.31), one has
:~r “ ´GmK
r3
~r
ˆ
1` msc
mK
˙
´GmC
R3sc
#
~r `
«
1´
ˆ
Rsc
R
˙3ff
~R
+
(3.41)
This is the equation of motion of the spacecraft relative to the Moon. Con-
sidering that msc is very small compared to the lunar mass mK, a further simpli-
fication can be done
:~r “ ´GmK
r3
~rlooomooon
aK
´GmC
R3
~rlooomooon
aC
(3.42)
In this case aMoon is the primary gravitational acceleration of the vehicle due
to the Moon, and aC is the perturbation caused by the Earth. The ratio of the
perturbing acceleration to the primary acceleration is
aC
aK
“ mC
mK
´ r
R
¯3
(3.43)
For motion relative to the Moon, the ratio asc{aK is a measure of the deviation
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of the spacecrafts orbit from the Keplerian orbit arising from the Moon acting
by itself pasc{aK “ 0q. Likewise, pasc{aKq is a measure of the Moon’s influence on
the orbit of the spacecraft relative to the Earth. If
aC
aK
ă AK
AC
(3.44)
then the perturbing effect of the Earth on the spacecrafts orbit around the
Moon is less than the perturbing effect of the Moon on the spacecrafts orbit
around the Earth. We say that the spacecraft is therefore within the Moon’s
sphere of influence.
mC
mK
´ r
R
¯3 ă mK
mC
ˆ
R
r
˙2
(3.45)
which means
´ r
R
¯5 ă ˆmK
mC
˙2
(3.46)
or
r
R
ă
ˆ
mK
mC
˙2{5
(3.47)
but
r “ Rs (3.48)
finally, the relationship for the Moon’s sphere of influence is
Rs “ R
ˆ
mK
mC
˙2{5
(3.49)
Rs is considered to start at 66200 km from the Moon’s center of mass
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3.1.3.2 Geocentric departure orbit
The four quantities that completely specity the geocentric departure orbit are
• r0 radius of the LEO parking orbit
• v0 velocity at injection onto the ballistic transfer orbit
• φ0 flight-path angle at injection time t0
• γ0 phase angle at departure to the Moon at injection time t0
The difficulty with selecting these four quantities as independent variables is
that the determination of the point at which the geocentric trajectory crosses the
lunar sphere of influence involves an iterative procedure in which time-of-flight
must be computed during each iteration. This difficulty may be by-passed by
selecting three initial conditions and one arrival condition as the independent
variables, usually λ1 as in Figure 3.12.
The energy and angular momentum of the orbit are determined with equations
(3.50) and (3.52).
Etrans “ v
2
0
2
´ µC
r0
(3.50)
htrans “ r0v0 cosφ0 (3.51)
The flight path angle lies between 00 and 900 since arrival occurs prior to
apogee. A usual assumption is that
φ0 “ 0 (3.52)
Form Figure 3.12, and using some geometrical considerations
r1 “
a
R2 `R2s ´ 2RRs cosλ1 (3.53)
and
sin γ1 “ Rs
r1
sinλ1 (3.54)
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The last equation implies that the angle λ1 has the same sign as the phase
angle, γ1, which is positive if the spacecraft is ahead of the Moon. The speed and
flight path angle at arrival to the Moon’s sphere of influence are obtained with
equations (3.50) and (3.52)
v1 “
d
2
ˆ
Etrans ` µC
r1
˙
(3.55)
cosφ1 “ htrans
r1v1
(3.56)
the characteristic constants for the departure leg are obtained with equation
(3.3) for the parameter, equation (3.4) for the semi-major axis, and finally equa-
tion (3.5) for the eccentricity.
In order to compute the time-of-flight of an elliptic orbit, it is necesary to
obtain the true anomalies ν0 and ν1 from equations (3.57) and (3.58)
cos ν0 “ ptrans ´ r0
r0etrans
(3.57)
cos ν1 “ ptrans ´ r1
r1etrans
(3.58)
The eccentric anomaly E (equation 3.10), is the angle measured from the
eccentricity vector to the projected position of the spacecraft into an auxiliary
circumference [15].
cosE0 “ etrans ` cos ν0
1` etrans cos ν0 (3.59)
The eccentric anomaly for the final position is
cosE1 “ etrans ` cos ν1
1` etrans cos ν1 (3.60)
The angular velocity of the position vector of an elliptical orbit is not constant,
but since 2pi radians are swept out per period T , the ratio 2pi
T
is the average angular
velocity, which is given the symbol n and called the mean motion, defined in
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Figure 3.10: Eccentric anomaly, E
Figure 3.10.
n “
d
a3
µC
“ 2pi
T
(3.61)
This monotonically increasing relationship between true anomaly and eccen-
tric anomaly is plotted for several values of eccentricity in Figure 3.11.
Finally, the time is calculated with equation (3.62), which is often referred to
as Kepler’s equation
t1 ´ t0 “ nrpE1 ´ e sinE1q ´ pE0 ´ e sinE0qs (3.62)
The phase angle at departure , γ0 is obtained from gemetry (Figure 3.12).
The value of ω is derived in Chapter 2.
γ0 “ ν1 ´ ν0 ´ γ1 ´ ωpt1 ´ t0q (3.63)
The values of ~r0, ~v0, ~φ0, and λ1, are chosen arbitrarily till the lunar approach
results satisfactory. It is worthwhile to note that the energy at injection, equation
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Figure 3.11: Variation of the eccentric anomaly E, in function of true anomaly(ν)-
eccentricity (e in colors)
(3.1), must be sufficient to reach point 1 located at the verge of the lunar sphere
of influence. In mathematical terms that mean that the argument of equation
(3.55), must be positive. Note also that, in this respect, the energy necessary
to enter the sphere of influence of the Moon is less than that required by the
Hohmann transfer that takes the spacecraft to a distance equal to ~R (Fig. 3.12).
3.1.3.3 Conditions at the patch point
Spacecraft position and velocity at entering the sphere of influence (t1) must be
expressed in a non-rotating selenocentric reference frame, in order to compute
the trajectory around the Moon.
Once doing this, we can determine the trajectory inside the Moon’s sphere of
influence. The gravitational effect due to the Earth is now neglected. Since we
must now consider the Moon as the central body, it is necessary to find the speed
and direction of the spacecraft relative to the center of the Moon as in Figure
3.13.
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Figure 3.12: Geocentric transfer to the lunar sphere of influence
The velocity of the spacecraft relative to the center of the Moon is
~v2 “ ~v1 ´ ~vK (3.64)
where vK is velocity of the Moon relative to the center of the Earth (vK “
1.022 km{s. For further details, refer to Chapter 2.
From the velocity vector parallelogram in Figure 3.13, the magnitude can be
written as
v2 “
b
v21 ` v2K ´ 2v1vK cospφ1 ´ γ1q (3.65)
or
v2 sin 2 “ vK cosλ1 ´ v1 cospλ1 ` γ1 ´ φ1q (3.66)
where 2 defines the direction of the initial velocity in the selenocentric frame
where a positive angle means a counterclockwise lunar trajectory, and φ1 is the
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Moon at t1
Sphere of Influence at t1
Moon’s Orbit
Rs
γ1
λ1
~vK
´~vK
~v2
~v1

φ1 ´ γ1
φ1
γ1
Figure 3.13: Patch condition
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flight path angle of the spacecraft at point 1.
2 “ sin´1
„
vK
v2
cosλ1 ´ v1
v2
cospλ1 ` γ1 ´ φ1q

(3.67)
The geocentric velocity v1 is usually quite low (some km{s) and a considerable
portion of the selenocentric velocity v2 is due to the Moon’s velocity. In most
cases v2 is greater than the lunar escape velocity at the boundary of the sphere
of influence thus the spacecraft will approach the Moon along a hyperbola.
3.1.3.4 Conditions at selenocentric arrival orbit
The energy and angular momentum of the selenocentric motion can now be com-
puted as
Ear “ v
2
2
2
´ µK
Rs
(3.68)
har “ Rsv2 sin 2 (3.69)
The orbital elements that describe the shape of the lunar trajectory can be
computed from
par “ h
2
ar
µK
(3.70)
aar “ µK
2Ear
(3.71)
ear “
d
1` 2Earh
2
ar
µ2K
(3.72)
The conditions at pericynthion are then obtained from
rpK “ par
1` ear (3.73)
vpK “
d
2
ˆ
Ear ` µK
rpK
˙
(3.74)
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The resulting value of equation (3.73) represents two possible scenarios1:
• rpK ă rK the spacecraft goes in direct collision course
• rpK ą rK the spacecraft can perform insertion or continue its trajectory
The first case comprises, together with a destructive impact, a soft landing
on the lunar surface without passing through an intermediate parking orbit. A
retrograde rocket system, Figure 3.14 (e.g. as usual in Apollo missions), or airbag
systems ,Figure 3.15 (e.g. recently used on missions to Mars), are required for
Moon landing.
Figure 3.14: Retrorockets provide thrust opposite to the motion of a vehicle
Entering in a lunar orbit requires a braking manoeuvre at the pericynthion,
where energy variations are more efficient. If a semimajor axis aO is selected for
the lunar orbit, it is
∆vpK “ vpK ´ vO (3.75)
1The third scenario where rpK “ rK has no practical use
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Figure 3.15: Test of a landing airbag system
where the velocities before and after the manoeuvre are given by equation
(3.76) and
vO “
d
µK
ˆ
2
rpK
´ 1
aO
˙
ă
c
2
µK
rpK
“ vesc (3.76)
where vpK must be less than the escape velocity at pericynthion.
The velocity change necessary to perform an insertion onto a lunar orbit is
reduced by a low pericynthion (minimum gravitational losses) and a high eccen-
tricity orbit with a far apocentre, which however should permit the permanent
capture by the Moon. Circular orbits are preferred when a rendezvous is pro-
grammed with a vehicle ascending from the lunar surface. If no action is taken
at the pericynthion, the spacecraft crosses again the sphere of influence in the
outward direction.
Figure 3.16, summarizes the various types of coplanar paths.
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Figure 3.16: Lunar trajectories
3.2 Noncoplanar trajectories
3.2.1 The launch window
If there are no restrictions on the launch conditions of a spacecraft or on the
conditions at lunar approach, then there are no limitations on the time of the
lunar month at which the spacecraft can approach the Moon.
When a lunar mission is launched the space vehicle would initially enters a
parking orbit around the Earth after the required check set has been performed
the spacecraft will be injected from the parking orbit into its translunar trajectory.
A free return trajectory is planed, that is, if anything goes wrong with the primary
propulsion system the space vehicle would move around the Moon returning to
Earth and land safety. However assuming that everything operates as assured
the space vehicle will approach the Moon, then going into orbit around it.
However because of natural and operational constraints we can’t launch a
mission whenever we want to. The determination of when the mission can be
launched is a highly complex task the time period during when you can launch
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and accomplish the goals of the lunar mission within the applicable constrains
are called launch windows there are two launch windows be considered. A daily
window measured in hours and minutes and a monthly window measured in
days. It is desirable to have a launch window as large as possible for operational
flexibility.
For instance, if only a single landing site were be available on the Moon all the
days except 10 will be eliminated. The duration of the daily window is directly
related to the range of the allowable launch azimuths. The launch azimuth ,
as in Figure 3.17, is simply the direction measured due North along which you
launched, a launch due north will be on an azimuth of 00. A launch due East will
be on an azimuth of 900, the larger the window the larger the required azimuth
range. The limitation on the launch azimuth on the daily window is defined
by the range safety requirements and the insertion tracking requirements. The
range safety requirements are primarily concerned with keeping the launch vehicle
within the bounds of the launch range this bounds are designed to avoid populous
land masses incase of troubles during the launch.
Figure 3.17: Launch Azimuth
The Earth-Moon geometry combined with the launch azimuth constraints,
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it’s what defines the duration of the daily launch window and the time during
the day when it will occur. If a line is gone from the center of the Moon to the
center of the Earth penetrating the surface of the Earth to the opposite side, the
point of penetration is called the antipode, which means point opposite (Figure
3.18).
Figure 3.18: Injection at Moon’s antipode
Injection under the translunar trajectory should come at or near the antipode
for maximum efficiency. The antipode would be calculated not from where the
Moon is at launch or injection but from where will be at time of spacecraft’s
arrival.
The space vehicle will be placed on a parking orbit around the Earth swepth
out by ψc, so the required systems checks may be accomplished, the injection
burn, or firing of the rocket engines that places the spacecraft on its translunar
trajectory would be accomplished by one of the first thee orbits under real opera-
tional conditions, the injection will place the spacecraft in an elliptical orbit with
perigee at the antipode and apogee near the Moon ψff , provided the orbit will
not be affected by lunar gravity. However the lunar gravity will perturb the orbit,
so it is necessary to lead the Moon by a few degrees. This means the injection
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Figure 3.19: Lunar interception
burn must accurately occur a few degrees after passing the antipode.
While the angle ψc may be selected arbitrarily, the free-flight sweep angle ψff ,
is determined by the injection conditions r0, v0, and φ0. The angle ψff is just
the difference in true anomaly between injection and lunar intercept.
ψt “ ψff ` ψc (3.77)
Since the latitude or declination of the launch site is known and the value of ψt
can be obtained from the initial considerations, the declination of the spacecraft
after ψt can be calculated with equation (3.77).
sin δ1 “ sin δ0 cosψt ` cos δ0 sinψt cos β0 (3.78)
This formula is obtained from spherical trigonometry upon the initial condi-
tions (Figure 3.19). The final declination must coincide with that of the Moon
at intercept.
Once obtained the value of ψt, selecting either launch azimuth or declination
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Figure 3.20: Geocentric sweep angle
Figure 3.21: Free flight sweep angle vs. Injection speed and path angle
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at intercept determines the other uniquely. If lunar declination at intercept is
specified from the lighting conditions or other restriction, then launch azimuth
may be computed with equation (3.79).
β0 “ cos´1
ˆ
sin δ1 ´ sin δ0 cosψt
cos δ0 sinψt
˙
(3.79)
Figure 3.22: Free flight sweep angle vs. Injection speed and altitude
3.2.2 Selecting an acceptable launch date
In order to transfer to the Moon we must get first to the antipode, we must know
about the problem to get to the antipode from the launch site. To do this we
must know the antipodes positions and movements relatives to the launch site.
The antipode position on the Earth’s surface will define the time when the launch
must occur for a given launch azimuth.
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Two separated motions cause the movement of the antipode:
• The monthly revolution of the Moon around the Earth
• The daily rotation of the Earth on its axis
It is convenient to examine these motions separately at first. If the Moon
revolves around the Earth and the Earth with a launch site assumed stationary
the antipode will trace a great circle on the surface. This accounts for an antipode
movement 0.54 0{hr in a West to East direction.
The monthly antipode trace will look like a wave in a flat map of the Earth.
If the Moon is assumed stationary and the Earth with a launch site is rotated
the antipode will trace a path moving at 15 0{hr in an East to West direction.
The monthly trace and the daily trace are combined to determine the position
of the antipode relative to the launch site. The launch must occur at a certain
time for each launch azimuth in order to intercept the antipode; this time is
defined by the antipodes position, the time from launch to arrival the antipode
and antipode travel during this movement.
The launch time must be carefully adjusted so that the vehicle intercepts
the moving antipode under the desired arrival conditions. The launch window
duration is defined by the time it takes the antipode to travel from the interception
of the upper launch azimuth to the lower launch azimuth.
It can also be seen that the antipodes trace will twice intersect the orbit plane
result from any given launch azimuth, thus there are two correct times at which
to launch. At the first correct time the spacecraft is launched at a given launch
azimuth, it will intercept the antipode (Figure 3.24).
At the second correct time later in the day, the launch on the same azimuth
will provide an interception of the antipode over the Atlantic ocean in this ex-
ample, thus there are two launch windows available on any given day. When
the spacecraft intercepts the antipode over the Pacific ocean, it is moving in a
northeast direction. Over the Atlantic the spacecraft is moving to the southeast.
The direction of travel is important as we will see later in this chapter.
We must now consider the monthly launch window. A monthly launch window
allows the mission to be re-scheduling as soon as possible in case of mission
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Figure 3.23: First opportunity of interception of the antipode for an azimuth of
1150 at Pacific ocean
Figure 3.24: Second opportunity of interception of the antipode for an azimuth
of 1150 at Atlantic ocean
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abort of a given day. This also allows some flexibility on the initial planning of
the launch day. From operational considerations it is desired to have a launch
window of several days. In order to understand how the monthly launch window
constraints, it is necessary to look at other phases of the lunar mission. The effect
of constraints is to eliminate launch opportunities, as the constraints are applied
one by one, possible launch dates are eliminated. The possible launch dates left
after all the constraints are applied, represent the monthly launch window.
The primary factors that limit the monthly launch windows are the lightning
conditions on the Moon at the time of lunar landing, the performance require-
ments to get the spacecraft to the particular lunar landing site, and the location
of the suitable landing sites on the Moon specified from the scope of the mission.
Continuing with the example, since the spacecraft is traveling to the northeast
when translunar injection occurs over the pacific, a pacific injection would place
the spacecraft North or above the Moon’s orbit plane. An Atlantic injection
would the spacecraft moving South-East will put the spacecraft South or below
the Moon’s orbit plane. The angles of inclination of the translunar trajectory
with the Moon’s orbit plane have direct varying on the landing areas attainable
on the Moon.
Following a Pacific injection, the spacecraft approaches the Moon from above.
The Moon’s orbit plane forces the trajectory below the plane in a far side of the
Moon where lunar orbit injection takes place and back up to the northern latitudes
on the front side where the landing areas are located, this makes pacific injections
more favorable from a performance view point from landing sites located northern
latitudes since less plane change is required to reach these sites. An Atlantic
injection would of course be more favorable for landings in the southern latitudes.
3.2.3 Light conditions at arrival
The final major constraint on monthly launch windows is the Sun light require-
ment at the time of landing on the Moon, this combines with the number and
location of the suitable landing sites represents the last major limitation to the
monthly launch window. These facts are inseparable on their effects on monthly
launch windows (Figure 3.25). In order to provide the best possible visibility
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during landing, the Sun elevation angle must be between 70 and 200 of within a
300 range since the Moon rotates at about 30 0{day, this means that any particular
landing longitude is open only one day per lunar month if the lighting constraint
is not to be violated.
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The Kaguya Lunar Atlas Figure 4.6 Orientale impact basin, 930 km diameter (NASA Lunar Orbiter IV image)Figure 3.25: Shades on Orientale impact basin of about 930 km diameter
Suppose we now select a time, t1 for lunar intercept that meets the declina-
tion and lighting constraints. The right ascension of the Moon α1, at t1 can be
computed from the suitable formulae covered in Chapter 2, or read it directly
from some lunar ephemeris chart available on internet [18]. The difference in
71
Chapter 3. Earth-Moon Trajectories
right ascension, ∆α, between launch and intercept is fixed by the geometry of
Figure 3.19. Applying the law of cosines to the spherical triangle in Figure 3.19
and noticing Figure 3.20 , we get
∆α “ cos´1
ˆ
cosψt ´ sin δ0 sin δ1
cos δ0 cos δ1
˙
(3.80)
The analysis presented in this chapter provides us with sufficiently accurate
initial conditions and selected time for launch to begin the computation of a
precision lunar trajectory using numerical methods.
3.3 Propellant mass
Once we have approached the total ∆v needed for the designed lunar mission, the
next step is to select a propellant type and staging in order to have an idea of the
mass requirements. Performance is the capability of the spacecraft to maneuver
in space and make necessary changes on its orbit during the Earth and lunar
phases during the mission. This is directly limited by the amount of propellant
it can carry.
The selection of these parameters are ruled by many factors. The simplest
case is covered in this section to gain some insight on the subject. For more
details of derivation and optimization refer to [1], [8], and [17].
Let’s start defining the variables used in this analysis
• ∆v “ the maximum change of speed of the vehicle without external per-
turbations
• m0 “ the initial total mass, including propellant
• m1 “ the final total mass
• ve “ the effective exhaust velocity
• Isp “ the specific impulse
• g0 “ the gravitational constant (9.80665m{s2)
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The propellants combine chemically in the rockets combustion chamber, and
during the small time interval ∆t a small mass ∆m of combustion products is
forced out of the nozzle with a velocity ve. As a result of this expulsion, the
velocity of the rocket changes by the small amount ∆v,
∆v “ ve ln m0
m1
(3.81)
Equation (3.82) is named after Konstantin Tsiolkovsky who independently
derived it and published it in his 1903 work.
The specific impulse Isp is defined as the thrust per sea-level weight rate (per
second) of propellant consumption. Specific impulse is an important performance
parameter for a given rocket engine and propellant combination. However, large
specific impulse equates to large thrust only if the mass flow rate is large, which
is true of chemical rocket engines. The specific impulses of chemical rockets
typically lie in the range 260´300 s for solid fuels and 140´460 s for liquid fuels.
Ion propulsion systems have very high specific impulse, but their very low mass
flow rates produce much smaller thrust than chemical rockets.
The usual rocket equation
∆v “ g0Isp ln m0
m1
(3.82)
is at best a poor approximation for high-thrust rockets, but it will suffice to
shed some light on the rocket staging problem commonly used in space missions.
Observe that we can solve this equation for the mass ratio to obtain
m1 “ m0e´∆vve (3.83)
This relation is used to compute the propellant required to produce a given
∆v. The gross mass m0 of a launch vehicle consists of the empty mass mE, the
propellant mass mp and the payload mass mPL
where
md “ mE `mPL (3.84)
The empty mass comprises the mass of the structure, the engines, fuel tanks,
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Technology Isppsq Thrust pNq
Cold Gas 0.1-50
N2 60
H2 250
Chemical 0.1´ 12ˆ 106
Liquid
Monopropellant 140´ 235
Bipropellant 320´ 460
Solid 260´ 300
Hybrid 290´ 350
Nuclear up to 12ˆ 106
Solid Core 800´ 1100
Liquid Core 3000
Gas Core 6000
Electric 1ˆ 10´4 ´ 20
Electrothermal 500´ 1000
Electromagnetic 1000´ 7000
Electrostatic 2000´ 10000
Table 3.1: Propulsive Technologies.
control systems, etc. mE is also called the structural mass, although it embodies
much more than just structure.
m0 “ mp `md (3.85)
Figure 3.27 shows the rocket mass ratios of the Saturn V, chemical rocket used
for Apollo missions. The blue curve represents the first stage S-IC. The thrust of
this first stage was about 34.02 MN and an Isp of 263 s (2.58 Ns{kg)
The second and third stages S-II and S-IVB, red curve ,used an Isp of 421 s
(4.13 kNs{kg) and developed a thrust of 4.4 MN and 1 MN respectively.
74
3.3Propellant mass
Figure 3.26: Rocket mass distribution
Figure 3.27: Rocket mass ratio vs ∆v for Saturn V launcher
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Conclusions
Throughout this thesis project, it has been collected, reviewed and updated the
information regarding the knowledge of Moon missions. In addition, it has been
developed software tools for a better understanding on the theoretical concepts.
The scope of this effort is to give an introductory and accurate perspective of the
spaceflight mechanics by using state of the art development software tools.
The first Chapter, recovers a brief collection of events and publications that
founded the basis of what nowadays is known as space science.
All along the thesis, the main interest and motivation is to put in the same
place, the analytical approach of the concepts mixed out subtlety with the most
recent measurements of the constants, as for example the lunar ephemerides in
Chapter two.
In the last Chapter, is has been included a wide variety of graphs, schemes and
models to dinamically explain hypotetical scenarios, for instance, the variation
of relevant quantities given one or two restrictions (e.g. Fig. 3.22 ). Finally, the
software tools give a complementary aid to reduce substantially the time of anal-
ysis and to make the learning curve very less steeper. The software includes in
its code, the most recent values for the constants and the accurate enough math-
ematical models that describes the dynamics of the Sun, Moon, and Earth. The
details on every part of the code has been carefully commented to facilitate the
customization of the functions, or simply the update or broaden the application.
The software tools include an analytical software, developed in MATLAB GUI
that can be implemeted in most of the Operating Systems (OS). This software
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application gives numerical and graphical information for the selected input pa-
rameters. The Quartz Composer software application is a complementary tool,
is also executable in most OS, and facilitates the understanding of the 3D move-
ment and meaning of the mission characteristics. Each one of the applications
offers an intuitive and easy-to-use user interface.
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A MATLAB Graphical User Interface (GUI) had been developed to exemplify
the methods described along the thesis project [13].
The software basically calculates the most important launch conditions and
parameters for lunar mission predesign. The default input window in Figure
1, requires the values of the altitudes at injection and pericynthion in order to
calculate the characteristic parameters used in the Patched Conic Approxima-
tion, PCA. This approximation takes into account the effect of the final lunar
gravitation.
Figure 1: Input panel
To accomplish this calculations and simulation, the program iterates the for-
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mulae described in Chapter 3, starting from λ1 variations starting from 0
0 to 450.
As we are interested on orbiting the Moon for a final lunar landing, only the
frontal approach of the lunar leading edge is considered since this fly-by will re-
duce the orbital energy as described in Chapter 2, otherwise the spacecraft would
tend to scape from lunar attraction. The iteration stops once the value of λ1
that best suits the pericynthion is finally obtained in Figure 2. The accuracy on
the calculation can be modified, compromising computer time, by modifying the
following lines of code
    i=1;
    i_p=0; 
    Origin=[0,0,0];
    xaxis=[1,0,0];
    yaxis=[0,1,0];
    zaxis=[0,0,1];
    low_Vo=10.20;
    high_Vo=11.40;
    step_Vo=.001;
    step_c=(high_Vo-low_Vo)/(step_Vo*101);
    for Vo=low_Vo:step_Vo:high_Vo     %Modify this for other range of search
        str1 = num2str(floor(i_p));
        set(handles.Progress_txt,'String',['Completed ',str1,'%'],'FontSize',
10); 
        drawnow
        for lam1=0:0.001:pi/4      %Modify this for other range of search
            Vce=sqrt(Mue/(Ro));
            %WSC=Vce/Ro;          
            Ene=(Vo^2)/2-Mue/Ro;  
            he=Vo*Ro*cos(fio);
            r1=sqrt(MnDistEM^2+MnRadInf^2-2*MnDistEM*MnRadInf*cos(lam1));
            V1=sqrt(2*(Ene+Mue/r1));
            fi1=acos(he/(r1*V1));
            gam1=asin((MnRadInf/r1)*sin(lam1));
            %PATCH
            V2=sqrt(V1^2+(Vm)^2-2*V1*Vm*cos(fi1-gam1));
            ep=asin((Vm/V2)*cos(lam1)-(V1/V2)*cos(lam1+gam1-fi1));
            %EQUATIONS MOON
            Vcm=sqrt(Mum/(Rm));
            Enm=(V2^2)/2-Mum/MnRadInf;
            hm=V2*MnRadInf*sin(ep);
            pm=(hm^2)/Mum;
            em=sqrt(1+((2*Enm*hm^2)/(Mum^2)));
            rpm=real(pm/(1+em));
            Vmp=sqrt(2*(Enm+Mum/rpm));
            %VELOCITY
            DELE=Vo-Vce;
            DELM=Vcm-Vmp;
            DELV=abs(DELE)+abs(DELM);
            if real(ep)<=0 
                if rpm < Rm && rpm > MnMoonRad && i<=Acc
Figure 2: Control code for the number of iterations
The method of analysis assumes a coplanar transfer trajectory with the ad-
vantages and restrictions already described in Chapter 3.
In Figure 3, it is showed the Earth with its relevant planes for the mission,
type of orbits, the Moon, and the geometry of the PCA. The Earth and Moon
figures are 3D models that can be rotated and zoomed in and out as preferred by
the use of the fra ing scroll bars.
This last scheme includes the approximated dates for Moon’s maximum and
minimum inclination, upon whic the coplanar approximation can only be made
without additional maneuvers. These dates are calculated using the low precision
formulae presented in Chapter 2. As there is no need to change the plane in this
case to arrive to the Moon, the path angle is assumed to be 00 at injection, and
the circularization at Moon occurs at pericynthion for simplicity and because
this is the most efficient path, in other words, with the lower ∆v required for
accomplishment of the mission.
Only two impulses are considered: injection and circularization at Moon. The
default values that the program takes for calculations correspond to Apollo 11
mission, nevertheless other values can be introduced and the program calculates
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Figure 3: Default mission design
Figure 4: Numeric results panel
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the new values referred to the current date. The calculated values are presented
in the leftmost lower part of the window, as in Figure 4.
Figure 5: Numeric results panel continuation
This window summarizes the results of the patched-conic method with the
effect of the lunar sphere of influence, from the injection to the final lunar ap-
proach. The orbital elements for the transfer orbit as well as the time of flight
(TOF) for the whole mission including the elliptical leg and the hyperbolic leg,
and the propellant consumption are all included in this results panel in Figure 4.
The dates calculated in the example correspond to the best launch options con-
sidering only the coplanar condition for Apollo 11 mission (Figure 6). Nonethe-
less, if one changes the input parameters, the program automatically will look for
the best options starting from the current date of calculation.
Figure 6: Dates coplanar of Moon interception
The popup window in Figure 7 shows the real values of the Apollo 11 mission
extracted from the official NASA’s report. Notice that they are quite similar
to the ones obtained with the PCA even though the real mission made use of
mid-curse corrections (MCC).
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Figure 7: Apollo mission real values
The next graph in Figure 8, is an animation that shows the spacecraft position
each hour starting from the Earth injection point to the exit of the Moon’s sphere
of influence from the Earth’s reference frame.
Figure 8: Approaching the Moon
The numerical values of the plot are presented in the table in Figure 10,
showing the distance from the main body and the corresponding true anomaly.
Notice that the table is split in two, Figure 10. The first part refers to the transfer
under the Earth’s gravitational influence and the second for the Moon.
This is the end of the PCA method. For non-coplanar trajectories it is neces-
83
Appendix A
Figure 9: Path deflection to free return
Figure 10: Spacecraft anomalia vera and position
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sary to approach the analysis with a ballistic trajectory, Figure 11.
Figure 11: Noncoplanar Lunar trajectories panel
The new input window (Figure 12), requires different mission characteristics
and restrictions. The launch site data can be introduced manually or selected
via the launch location menu. Notice that in this new approach, the altitude at
Moon is not needed since this is a ballistic trajectory. The injection date has
to be typed in the same format as in the example: dd-mmm-yyyy, if nothing
is written then the current date is used as default value. The minimum and
maximum values for the azimuth at location can be freely selected, but some
advertisements could appear if the algorithm detects some inconsistency. The
default values correspond to Cape Canaveral.
The most important launch sites are listed in the menu shown in Figure 13,
but new values can be included in the GUI.
The GUI also generates an output file, as in Figure 14, containing the values
of the apparent declination of the Moon from the launch date to the calculated
date for interception that matches the declination given as input. This values
are listed and computed for every hour till interception occurs. The process to
find the best launch conditions and restrictions is left to the user since further
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Figure 12: Launch options input panel
Figure 13: Launch sites
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arrival considerations have to be accounted to reduce the possibilities of arrival,
such as the lighting conditions and final lunar orbit inclination. These values are
customizable for each mission scope.
Figure 14: Fragment of the generated raw data of Moon’s apparent declination
The results window includes the Earth and its relevant planes regarding the
mission, Moon, a graph with the free flight sweep angle and flight time vs. injec-
tion speed (lower rightmost), a graph showing the intercept declination δ1 vs the
total sweep angle ψt for the entered range of launch azimuths. The value of the
coasting arc ψc can be introduced in the corresponding field. The popup window
shows the possible declination range at intercept imposed by the launch location
and time selected for the mission. The new editable field, in Figure 15, has as
default value the average of the range calculated for the input restrictions and
values.
It can be changed as wished always within the possible range enclosed by the
launch window in Figure 16. The green line represents the total sweep angle for
the mission and the white region are the possible launch scenarios in function of
the launch azimuth. The red areas represents impossible launch conditions.
The time of flight and free flight sweep angle are ploted in function of the in-
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Figure 15: Input field with the mean declination value
Figure 16: Intercept declination vs sweep angle for selected launch azimuths
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jection speed, Figure 17. The time of flight is calculated using the direct cartesian
coordinates formulae.
Figure 17: Time of flight and free flight sweep angle vs injection speed
The results window includes one more time the Earth and its planes regarding
the mission, Moon, a graph with the free flight sweep angle and flight time vs.
injection speed (lower rightmost), a graph showing the intercept declination vs.
sweep angle for entered range of launch azimuths. As the value of the coasting
arc is arbitrarily selected, the program uses the sweep angle considering it as the
total sweep angle. In this way, the analysis accounts from injection to intercept.
Figure 18: Numeric results for noncoplanar case
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Figure 19: Numeric results for noncoplanar case continuation
The popup window (Figure 20), shows the possible declination range at inter-
cept imposed by the launch location and time selected for the mission.
Figure 20: Moon apparent declination range for the mission
The new editable field (Figure 15), has as default value the average of the
range previously stated. It can be changed as wished always within the possible
range shown in Figure 21.
Figure 21: Advertisement for the next date for the selected declination at inter-
cept
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The last function of the GUI application is an animation, Figure 22. In this
case it shows a world map that pans and shows the position of the spacecraft
from launch site through burn plus coast to parking orbit. The intersection of
maximum-minimum launch azimuth curves in blue and red respectively with the
Moon’s orbit plane in green encloses the range of possible injection opportunities.
Figure 22: Launch to parking orbit (TLI)
The intersection of each curve with the green line corresponds to the Moon’s
antipode at that time and it is also the best injection opportunity for lower ∆v
(Figures 23 and 24 ). The data shows the value of the spacecraft’s drifting orbit
node due to the Earth’s oblateness accounted for the spacecraft path. The GUI
is in an infinite loop on this representation, thus for exit the GUI is enough to
close it from the window control buttons, or continue including new variables for
new calculations.
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Figure 23: Trans lunar injection opportunities from parking orbit(TLI)
Figure 24: After one revolution on parking orbit (TLI)
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A QUARTZ COMPOSER 3D model including the Earth, Moon, and Sun has
been developed as an aditional software tool to allow the manipulation on the
most representative parameters on the lunar mission design. The control of ro-
tation and movement of the model is performed by the mouse or 3D peripheral
device. [7]
This model uses the mathematical expressions describing the low precision
celestial mechanics described in the present thesis. Additional features as the
real-time cloud cover map (Figure 26), that automatically updates if an internet
conection is available, and night-light maps bring a more realistic model environ-
ment (Figure 27).
The Sun position as a function of time and its enlightening effect have been
carefully tuned to give accurateness in light conditions on Earth, as well as on
Moon.
The Earth rotates in real-time or as selected in the controls menu. The system
time or a selected date can be selected as wished or needed to fit the design
constraints as shown in Figure 28.
The appearance is customizable, the inclusion of representative planes (Figure
29), axis, and/or angles is optional.
On screen it can be seen the Sun and Moon coordinates as well as the Julian
Date of Ephemeris and the calculated Launch Azimuths.
The vector position of the Moon and Launch site is represented with straight
lines on Figure 30.
This model can be modified with ease to include additional functions or modify
its characteristics. An example of code is shown in Figure 31.
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Figure 25: Quartz 3D Model
94
QUARTZ COMPOSER, 3D software application
Figure 26: Real-Time cloud cover map
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Figure 27: Perspective image
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Figure 28: Input panel
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Figure 29: Representative features
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QUARTZ COMPOSER, 3D software application
Figure 30: Total sweep angle
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Figure 31: Patch customization
100
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